IRREDUCIBILITY OF SOME REPRESENTATIONS OF THE 
GROUPS OF SYMPLECTOMORPHISMS AND 
CONTACTOMORPHISMS 
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Abstract. We show the irreducibihty of some unitary represen- 
tations of the group of symplectomorphisms and the group of 
contactomorphisms. 




1. Introduction 

Let M be a smooth second-countable manifold. There exists a 
natural diffeomorphism-invariant measure class on M, consisting 
of measures having positive density with respect to the Lebesgue 
measure in every coordinate chart. We will refer to them simply as 
Lebesgue measures. 

Let jU be a Lebesgue measure on M. For a group G acting on M by 
diffeomorphisms we may consider a series Tl^^ of unitary representa- 
tions on L^(M, /.t) given by 

, 1/2+/0 

. / tl 1/ ^ Li 

(LI) n2(y)/ = foy- 

where G R. 

If a measure v is equivalent to /j, then the operator T: L^(M, /i) 
L^(M,v) defined by 

, l/2+ie 

I uu 

(1.2) Tf 

gives an isomorphism of representations 11^ and 11^. In particular, if 
jU is equivalent to a G-invariant measure, the representations are 
equivalent for all 6 R. 

For a diffeomorphism : M — > M we define its support supp / as 
the closure of the set {p 6 M : + p}. Compactly supported diffeo- 
morphisms of M form a group Diffc(M). In IH it was proved that for 
an infinite measure [j. the representation 11^, of the group Diffc(M, /j) 
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of compactly supported, measure-preserving diffeomorphisms of M 
is irreducible. It follows that the representations Tl^^ of the groups 
Diffc(M, ft) and Diffc(M) are irreducible for any G R. The idea of 
the proof is to take two functions f,g & L-^iM, fi) and explicitly find a 
diffeomorphism (p such that (/, rf^{(p)g) 4" 0, thus showing that / and 
g cannot lie in two distinct orthogonal invariant subspaces. 

Representations of various subgroups of the group of diffeomor- 
phisms are also studied in IIH. 

The purpose of this note is to present an enhancement of the argu- 
ment from [6J, and apply it to classical groups of diffeomorphisms: 
the group of symplectomorphisms and the group of contactomor- 
phisms. 



2. Convolution on the Heisenberg group 

On R" the following theorem holds (see Theorem 4.3.3 in JS]] for a 
proof of a more general result): 

Theorem 2.1. Ij j,g s L^(R") are compactly supported and nonzero, then 
f * g is nonzero. 

Proof. Let }i{E,) = j h{x)e~'^^ dx denote the Fourier transform of h e 
L^(R"). Suppose that f * g = 0. As f and g are compactly supported, 
their Fourier transforms extend to entire functions. Since fg = f * g = 
on R", it follows by holomorphicity that fg = Oon C", and either / 
or g must vanish. This contradicts the assumption that / and g are 
nonzero. □ 

In this section we will prove an analogue of this theorem for square- 
integrable functions on the Heisenberg group. 

2.1. The Heisenberg group. Let n be a positive integer. The multi- 
plicative group of all matrices of the form 



(2.1) 



(1 z\ 

In y 

1 



where z G R, x, y G R", and I„ denotes the n xn identity matrix, is 
called the Heisenberg group H„. It is a unimodular Lie group diffeo- 
morphic with R^""^^, and its Haar measure is the (2n -I- l)-dimensional 
Lebesgue measure. We will identify H„ with R^""^^ as manifolds. The 
convolution of functions f,g & L^(H„) will be denoted / *h g- 
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2.2. Convolution of compactly supported functions on H„. Let / G 

L\K). Define 

(2.2) Tf{x)= f f{t)dt. 

%J — oo 

If / G L^(R) is supported in {a, b], then it is integrable; furthermore, if 
f f{t) dt = 0, then supp Tf c [a, b] and we may write 

(2.3) Tf{x) = j f{t)K[,,^{t,x)dt, 



where 

(2.4) K[„,b]{t,x) 



f 1 iora<t<x<b, 
1 otherwise. 



Hence, Tf G L^IR) and ||T/||2 < H^bilbll/lb, where ||%,,]||2 stands for 
the L^-norm of K[a^i,] G L^(R^). We may iterate the process of applying 
T to / as long as it yields a function integrating to 0. The next lemma 
shows that unless / = 0, this process terminates. 

Lemma 2.2. If f & L^(R) is nonzero and compactly supported, then there 
exists k>0 such that T^f G L\WC) and f T^f{x) dx ^ 0. 

Proof If there is no such k, then T^f G L\WL) and / T^f{x) dx = for 
all k. Suppose this is the case. We may assume that supp/ c [0, 1], 



and replace T with a bounded operator of the form (|2.3|) with kernel 

Since / is compactly supported, / extends to an entire function on 
C. We now have 

(2.5) rv(5) = m-'fX^i 

and by the Plancherel theorem 

^ IfiOf 

But ||T|| < ||i<C[o,i]||2 < 1/ so the left-hand side of the above inequality 
can be made arbitrarily small. Therefore / = 0, as it is an entire 
function vanishing on [-1, 1]. This contradicts the assumption that / 
is nonzero. □ 

Let / G V-{Hn) be compactly supported. Define Sf G L^(]R^") by 

(2.7) S/(x,y)= f f{x,y,z)dz. 

Jr 
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If Sf = 0, we may also define Tf e L^(H„) by 

(2.8) T/(x,y,z)= r f{x,y,t)dt 

U — oo 

The proof of the next lemma consists of a straightforward applica- 
tion of the Fubini theorem: 

Lemma 2.3. Iff, g e L^{H„) are compactly supported, then 

(1) S{f'^H9) = Sf*Sy, 

(2) ifSf = a then (Tf) *h g = Uf *h g), 

(3) ifSg = 0, then f *h (Tg) = T{f *h g). 

Theorem 2.4. Iff, g e L^{H„) are compactly supported and nonzero, then 

Proof. By Lemma IZ2] there exist minimal k and I such that ST'^f, ST^g G 
L^(R^") are nonzero and compactly supported. From Lemma |23l and 
Theorem 12. II we obtain 

(2.9) ST'^+'if *H g) = S{T^f *H T'g) = ST^f * ST'g + 0, 

which implies that f *h g 0- n 

3. Symplectic manifolds 

3.1. Symplectic manifolds. Let M be a symplectic manifold, that is 
a 2n-dimensional manifold equipped with a nondegenerate closed 
2-form. A symplectomorphism of {M,co) is a diffeomorphism (p G 
Diff(M) satisfying (f)*oj = co. The group of all compactly supported 
symplectomorphisms will be denoted by Sympl^(M,a;). Since a; is 
nondegenerate, a;" defines a positive measure /.t on M, invariant 
under the action of Sympl^(M, co). 

A standard example of a symplectic manifold is ]R^" endowed with 
the symplectic form ojq - LiLi dx^Ady\ It is a theorem of Darboux that 
any symplectic manifold is locally symplectomorphic to (R^", coq): 

Theorem 3.1. For every p e M there exists a chart (p: U ^ R^" centered 
at p, such that oj\u = (p*coo. 

Proof See O, Theorem 8.1. □ 

The chart satisfying the conditions of Theorem 13. H is called a Dar- 
boux chart. The pushforward of /,i through a Darboux chart is the 
standard Lebesgue measure, up to a constant factor. 

The flow Flf of a complete vector field X G 3£(M) consists of sym- 
plectomorphisms if and only if 

(3.1) £xcv = 0. 
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There is an easy way to produce such vector fields. Namely, consider 
a compactly supported smooth function / e C°°{M). Since co is non- 
degenerate, there exists a unique vector field Xf e X{M) such that 
Xf ^co = df, and it is not hard to show that this field satisfies (|3.1|) . 
For more information on symplectic manifolds see [IJ and [5J. 

3.2. The representation n° of Sympl^(M, cu). As /.t is a Sympl^(M, o;)- 
invariant measure, the only interesting representation is n°, taking 
the form 

(3.2) n;(y)/ = /oy-i. 

Notice that the space of constant square-integrable functions is n°- 
invariant. It is nontrivial when /.i(M) < oo. Let us denote its orthogo- 
nal complement by "H. 

Theorem 3.2. The representation n° of the group Sympl^(M,a;) on the 
space 'H is irreducible. 

Lemma 3.3. Let p e M and let (p: LT — > R^" be a Darboux chart centered 
at p. Then there exist r > and for every x G B(0, 2r) a symplectomorphism 
Tx e Sympl^(LZ,a;|u) c Sympl^(M,a;) such that 

(1) B(0,3r) c (p[Ul 

(2) (pTx(p~^{y) = y + xfor all y e B(0,r) . 

Proof Take r > satisfying (1) and a bump function h 6 C°°(R^") 

supported in (p[U] and equal to 1 on B(0,3r). On R^" there exists a 
linear function / such that Xf = x is a constant field. Then Xfh = x 

on B(0,3r) and suppX^;, c (p[U]. The desired symplectomorphism is 

= (p-'nf"(p. □ 

By using a standard argument we obtain the following well-known 
corollary: 

Corollary 3.4. The action of Sympl ^{M, co) on M is k-transitive for all 
k>l. 

Lemma 3.5. Let (p: U ^ R^" be a Darboux chart. Then for every nontriv- 
ial Tf^-invariant subspace 'Hq of 'H, there exists f e "Hq such that f 
and supp f QU. 

Proof. We may assume that d e U = (p{ll\ Q R^". Let r > be 
as in Lemma |3.3[ Take a nonzero g G 'Hq. The 2-transitivity of 
Sympl^(M, cu) allows us to assume without loss of generality that 
there exists c G R such that the sets A = {p G B(0, r) : Re g{p) < c] 
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and B = {p e B(0,r) : Re^(p) > c} both have positive measure. By 
the Lebesgue density theorem there exist a e A and b E. B with the 
property that A (resp. B) has Lebesgue density 1 at a (resp. b). 
Lemma 13.31 asserts the existence of a symplectomorphism t = T^-a 
that takes a onto b and preserves the Lebesgue density on B(0,3r). 
The function f = g - Yl^^^{T)g e 'Hq then satisfies the conclusion of the 
lemma. □ 

Proof of Theorem l372l Suppose that = 'Ho ® 1-1^ is a nontrivial de- 
composition into n°-invariant subspaces. Let cp: U ^ R^" be a Dar- 
boux chart, and let r > and Zx e Sympl^(M, cu) be as in Lemma l33l 
Withoutlossof generality assume that LT = (p[U] c R^". By Lemma l3.5l 
we may choose nonzero / G "TYq and g G l-i^ supported in B(0, r). We 
have 

(3.3) </,n;(T,)f7)= r /(y)^fc%))dy = /./(x), 

JB(0,r) 

where g*iy) = g{-y)- But from Theorem 12.11 we know that this is 
nonzero for some X G supp/*^* c B(0,2r). We obtain a contradiction, 
since nJ(Tx)^ G 'Kg^. 

□ 

4. Contact manifolds 

4.1. Contact manifolds. Let dimM = 2n + 1. A contact form on M 
is a 1-form a G Q^(M) suet that a A (rfct)" is a volume form. Consider 
a 2n-dimensional distribution ^ < TM. There exists an open cover 
'tl = {Ui} of M, such that for every U e U the restriction is the 
kernel of a 1-form «^ G Q^(Lr). If the forms au are contact forms, 
we call (M, ^) a contact manifold. Unless E, is the kernel of a globally 
defined contact form, there is no distinguished measure on M. 

Assume for the rest of this section that (M, <^) is a contact manifold. 
A contactomorphism of (M, ^) is a diffeomorphism (p G Diff(M), such 
that (p^E, = E,- The group of compactly supported contactomorphisms 
will be denoted by Contc(M, E)- 

An example of a contact manifold is the Heisenberg group H„ with 
the distribution E = ker ao, where ao = dz-Yji y^dx' is a right-invariant 
form on H„. 

There is an analogue of Darboux theorem for contact manifolds: 

Theorem 4.1. For every p e M there exists a chart <p: U ^ Hn centered 
at p, such that E\u = ker(/)*ao. 



Vroof. See 12], Theorem 2.5.1. 



□ 
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Let U Q Mhe such that = ker« for some a G Q}{U). There 
exists a unique vector field R G 3£(Lr) suchthata(R) = 1 andR-ida = 0, 
called the Reeb vector field. If X G X{U) is a complete vector field, 
then its flow Fl^ consists of contactomorphisms if and only if 

(4.1) Xx« = ua 

for some u G C^iU). If we take any / G C°°{U), by nondegeneracy 
of da there exists Xf G X{U) satisfying a{Xf) = f and Xf a da = 
df{R)a - df. These conditions imply equality (|4.1|) . On the other 
hand, if X satisfies (|4.1[) , then it is of the form Xf for / = a{X). 
For more information on contact manifolds see 13. 

4.2. Representations of Contc(M, ^). 

Lemma 4.2. Let p G M and let (p: U ^ H„ be a Darboux chart centered 
at p. Then there exist an open set V c H„, a convex open neighborhood W 
o/O in the Lie algebra ofH„, and for every x G exp[W] a contactomorphism 
Px G Contc(LZ, E,\u) c Contc(M, E,) such that 

{I) QeV QVV Q exp[W] c Vexp{W] c (\){Ul 
(2) (ppy:(p~^{y) = yx for all y &V . 

Proof. Existence of V and W satisfying (1) is obvious. Let x = expz;, 
where v E. W. Then v extends to a left-invariand vector field X G 
3£(H„), and Flf = Rexptv, where Ry is the right multiplication by y. If 
/ = haoiX), where h\vexp[w] = 1 and supp/z c (f)[U], then X^ = X on 

yexp[W]. The contactomorphism = (p~^¥l-^^(p satisfies condition 
(2). □ 

Corollary 4.3. The action of Contc(M, E,) on M is k-transitive for allk> 1. 

Lemma 4.4. Let (p: U ^ Hnbe a Darboux chart. Then for every nontrivial 
Tl^-invariant 'Hq < L^{M, /j), there exists f G "Ko such that f and 
supp f QU. 

Proof. Without loss of generality assume that G U c H„ and E,\u = 
kerao- Let dt{x,y,z) = {e^x,e'^y,e^^z) be the flow of the field X = 
{x,y,2z). We have d*ao = e^^ao, so X = Xg for some function g G 
C°°(H„). 

There exist V = B(0, r) Q V Q U and a function h supported in U, 
such that h\v = g\v. Let i/^f = Flf''. Then i/^f|y = bt\v for i < 0. Now, by 
transitivity of Contc(M, E), we may take a nonzero / G IHq such that 
supp / n y ^ 0. Since 

(4.2) r |n;;(^,)/|' rf^ = r i/frf^-— >o. 
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there exists t > such that / - Yl^X^t)/ satisfies the conclusion of the 
lemma. □ 

Now, fix a Darboux chart (p: U ^ Hn and a Lebesgue measure 
on M, such that G (p[U] and is the standard Lebesgue measure 
on (p[U] c R2"+i. 

Theorem 4.5. For every 6 eW.the representation o/Contc(M, ^) on 
the space L^{M, /i) zs irreducible. 

Proof. The proof is analogous to the proof of Theorem l3.2[ Lemma l4!2l 
gives us V Q U and contactomorphisms px, such that for / and 
g supported in V the matrix coefficient {/, Yl^XPx)9) is nonzero for 
some Px because of Theorem I2.4[ □ 
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